
IEEE TRANSACTIONS ON KNOWLEDGE AND DATA MINING,  MANUSCRIPT ID 1

Set Matching Measures for
External Cluster Validity

Mohammad Rezaei, Pasi Fränti, Senior Member, IEEE

Abstract— Comparing two clustering results of a data set is a challenging task in cluster analysis. Many external validity
measures have been proposed in the literature. A good measure should be invariant to the changes of data size, cluster size
and number of clusters. We give an overview of existing set matching indexes and analyze their properties. Set matching
measures are based on matching clusters from two clusterings. We analyze the measures in three parts: 1. cluster similarity 2.
matching 3. overall measurement. Correction for chance is also investigated and we prove that normalized mutual information
and variation of information are intrinsically corrected. We propose a new scheme of experiments based on synthetic data for
evaluation of an external validity index. Accordingly, popular external indexes are evaluated and compared when applied to
clusterings of different data size, cluster size and number of clusters. The experiments show that set matching measures are
clearly better than the other tested. Based on the analytical comparisons, we introduce a new index called Pair Sets Index
(PSI).

Index Terms— Clustering, External validity index, Cluster validation, Comparing clusterings, Normalization, correction for
chance, adjustment for chance

—————————— ——————————

1  INTRODUCTION
S a  basic  tool, clustering or cluster analysis parti-

tions a set of unlabeled data objects into meaningful
groups. A huge number of clustering techniques

have been developed in different application fields [1].
Different algorithms or even one algorithm with different
parameters can result in different partitions for the same
data set. A question therefore arises that which partition
best fits with the data set. Cluster validity indexes have
been commonly used to address this problem [2], [3], [4],
[5], [6], [7], [8], [9]. They are classified into internal and
external indexes of which the former are based on infor-
mation intrinsic to data while the latter measure the simi-
larity between two clustering results of one data set. We
focus on external validity indexes in this paper.

External validity indexes are used actively in search-
ing for good clustering solutions, for example in ensemble
clustering [10], [11], [12], [13], where the goal is to aggre-
gate a set of clustering partitions. They have been used in
genetic algorithms [14] to measure genetic diversity in a
population. In [11], external indexes are used for compar-
ing the results of multiple runs to study the stability of k-
means. To evaluate internal validity indexes, a framework
is introduced in [15] by using external indexes on ground-
truth partition. Using these indexes we can identify those
algorithms that generate similar partitions irrespective of
data [1]. The indexes can also be used for determining the
number of clusters for a data set [16], [17], [18].

External validity indexes measure how well the results
of a clustering match the ground truth (if available) or
another clustering [19], [20]. Several external validation

measures have been studied in [7], [8], [9], [19], [20], [21],
[22]. They can be categorized into pair-counting, infor-
mation theoretic and set matching measures.

Pair-counting measures include rand index, adjusted
rand index, Jaccard coefficient, Fowlkes-Mallows index and
several others [9], [23]. They are based on counting the
pairs  of  objects  in  the  data  set  on  which  two  different
partitions agree or disagree. For instance, if two objects in
one cluster in the first partition place also in the same
cluster in the second partition, it is considered as an
agreement. Most of the existing external validity indexes
are classified in this group.

Information theoretic indexes such as entropy, Mutual In-
formation and variation of information have also been used
in comparing clusterings [9], [24], [25]. Mutual infor-
mation measures the information that two clusterings
share. Since there is no upper bound for mutual infor-
mation, normalization is needed for easier interpretation
and comparison [10]. A systematic study of this group of
indexes, including several existing popular measures and
recently proposed ones has been performed in [9].

Set matching indexes such as F measure [26], criterion H
[27] and Van Dongen [28] are based on pairing similar
clusters in two partitions. According to [24], existing in-
dexes in this group suffer from the problem that clusters
having no pair are not involved in comparison. The un-
matched part of two paired clusters is also not taken into
account. Taking use of the tight connection between parti-
tions and centroids, cluster-level similarity indexes such
as Centroid Index [20] and Centroid Ratio [29] employ the
representatives of the clusters instead of point-level parti-
tions. However, cluster-level indexes lack point-level
information.
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Comparison of different external validity indexes re-
garding to their properties have been reported in [7], [8],
[9], [21], [24], [26]. Normalization and correction for
chance, as desirable properties, keep the range of an index
fixed in [-1, 1] or [0, 1] and make the index values compa-
rable across different data sets. More specifically, correc-
tion for chance adjusts the index for randomness by trans-
forming its expected value to zero. The importance of
index normalization on data with imbalanced cluster
distribution is discussed in [7], [26]. It is shown that the
values of normalized measures are more spread in [0, 1],
and have a wider range than unnormalized ones. Accord-
ing to [9] and [21], correction for chance is preferable
when the number of data points is relatively small com-
pared with the number of clusters. Other properties in-
clude sensitivity of an index to data size, cluster size im-
balance and number of clusters. The effect of cluster size
imbalance on a range of external validity indexes is ana-
lyzed in [26] and it is shown that normalization should be
applied. Otherwise, an index is mostly affected by big
clusters and does not detect changes in small clusters.
Metric properties have been also discussed for external
validity indexes and several researchers prefer metric
because of the theoretical properties that exist on metric
spaces [9], [21], [22], [24].

In this paper, we study set matching validity indexes
by introducing and analyzing three components of the
indexes: cluster similarity, matching and overall meas-
urement. We also investigate correction for chance and
show that normalized mutual information, variation of
information and their adjusted forms are equivalent. We
propose a new similarity index called Pair Sets Index
(PSI) according to careful analysis and comparisons. Sim-
plified form of PSI is also shown to be metric. Another
contribution of the paper is to propose a new way of ex-
periments for evaluating external indexes. The behavior
of an index in comparison of clusterings with cluster size
imbalance, different data size and number of clusters is
extracted and analyzed systematically. We show by these
experiments that set matching indexes clearly outperform
other popular indexes.

2  PROBLEM DEFINITION
Given a data set X Rd with N objects in a d-dimensional
space, the problem of clustering is to group the data set
into K clusters [14]. Given two sets of partitions P={P1,
P2,…,PK} of K clusters and G={G1, G2,…,GK’} of K’ clusters,
an external validity index measures the similarity be-
tween P and G. A contingency table of P and G is a matrix
where nij is the number of objects that are both in clusters
Pi and Gj: nij=|Pi Gj|, see Table 1. The sizes of clusters Pi

and Gj are ni and mj, respectively.
An external validity index needs to satisfy several

properties  to  be  consistent  and  comparable  for  different
data sets and clusterings structures.
Normalization transforms the index within a fixed range,
for example [0, 1], which makes the comparison easier for
data sets with different size and structure. Normalization
is the most commonly agreed property in the clustering

community [9]. To transform a dissimilarity index Id to
the range of [0, 1], normalization is performed as:

)min()max(
)min(),(

dd

ddn

II
IIGPI

d (1)

where min(Id) and max(Id)  are  the  minimum  and  maxi-
mum values of Id.

The index values are expected to be constant when dif-
ferent random clusterings are compared with a ground
truth [30]. A random partition is created by selecting ran-
dom  number  of  clusters  of  random  size.  The  similarity
between the random partition and the ground truth orig-
inates merely by chance. Take an example of rand index:
the value of the index for two random partitions is not a
constant, and is in a narrow range of [0.5, 1] instead of [0,
1]. By correction for chance or adjustment, the expected val-
ue of a similarity index is transformed to zero [21], [30].
Adjustment and normalization can be performed jointly
as follows:
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where the minimum of a similarity index (maximum of a
dissimilarity index) is estimated by expected value E(Is).

Metric property has been also considered. Although a
similarity/dissimilarity measure can be effective without
being a metric [31], it is sometimes preferred. Considering
dissimilarity index Id and partitions P1, P2 and P3, the
metric properties require [22], [32]:

1. Non-negativity: Id(P1,P2)  0
2. Reflexivity: Id(P1,P2)=0 if and only if P1=P2

3. Symmetry: Id(P1,P2)=Id(P2,P1)
4. Triangular inequality: Id(P1,P2)+Id(P2,P3) Id(P1,P3)
A similarity metric satisfies the following [32]:
1. Limited Range: Is(P1,P2) I0

2. Reflexivity: Is(P1,P2)= I0 if and only if P1=P2

3. Symmetry: Is(P1,P2)=Is(P2,P1)
4. Triangular inequality:

Is(P1,P2)× Is(P2,P3) Is(P1,P3)×( Is(P1,P2)+Is(P2,P3))

The triangular inequality for a similarity index Is is de-
rived according to the corresponding inequality for a
dissimilarity index which is defined as c/Is (c>0). Howev-
er, other forms of the inequality are possible by defining
other dissimilarities such as max(Is)-Is. It is trivial to show

TABLE 1
CONTINGENCY TABLE FOR TWO CLUSTERING P AND G

G1 G2 … Gj … GK’

P1 n11 n12 … n1j … n1K’ n1

P2 n21 n22 … n2j … n2K’ n2

… … … … … … … …
Pi ni1 ni2 … nij … niK’ ni

… … … … … … … …
PK nK1 nK2 … nKj … nKK’ nK

m1 m2 … mj … mK’ N
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that if c/Is (or max(Is)-Is) is a dissimilarity metric, Is is  a
similarity metric as well [32]. Hence, the metric properties
for a similarity index can be checked for its corresponding
dissimilarity.

Cluster size imbalance signifies that a data set can in-
clude clusters with big difference in their sizes. Some
researchers argue that clusters with bigger sizes have
more importance than smaller ones but in this paper we
assume that each cluster has the same importance inde-
pendent of its size. Invariance on the size of clusters is
therefore another desired property of an index. Size of the
data set should not affect on the index either.

An index should be independent on the number of
clusters. Some indexes such as Rand Index give higher
similarity for partitions with more clusters [22]. The index
should also be applicable for comparing two clusterings
with different number of clusters.

Monotonicity is another needed property. It states that
the similarity of two clusterings monotonically decreases
as their difference increases.

Once the above desired properties are met, then it en-
sures that the index values for different data sets are on
the same scale and comparable. For instance, if an index
gives 90% and 70% similarities, 90% should represent
higher similarity. However, this is true only if the index is
independent on data set and its clustering structure.

3  PAIR-COUNTING AND INFORMATION THEORETIC
INDEXES

Pair-counting measures count the pairs of points on
which the two clusterings agree or disagree. Four values
are defined: a represents the number of pairs that are in
the same cluster both in P and G; b represents the number
of pairs  that  are in the same cluster  in P but in different
clusters in G; c represents the number of pairs that are in
different clusters in P but in the same cluster in G; d rep-
resents the number of pairs that are in different clusters
both in P and G. Values a and d count the agreements
while b and c the disagreements. Examples of each case
are illustrated in Fig. 1. The values of a, b, c and d can be
calculated from the contingency table [30] as follows:
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Some of the popular indexes are listed in Table 2. Rand
index (RI) is a well-known pair-counting measure. For
random partitions, the similarity between two clusterings
is desired to be close to zero. However, the expected val-
ue of  rand index for random partitions is  0.5  and the in-
dex is within a narrow range of [0.5, 1] according to [11],

[12], [30]. Hence, a corrected-for-chance version called
adjusted rand index (ARI) was introduced in [30] which is
upper bounded by one and lower bounded by zero. The
expected value of the rand index is estimated using hy-
per-geometric distribution assumption in which the size
and number of clusters are fixed [30].

Existing information theoretic measures employ the
concept of entropy [25] to compare two partitions. Entro-
py is measured by the average number of bits needed to
store or communicate data. The entropy of clustering P
with K clusters is defined as:

K

i
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where p(Pi)=ni / N is the estimated probability of the clus-
ter Pi.

Having clustering G and the joint distribution p(P,G),
the average number of bits for P is derived by conditional
entropy [19] as follows:
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where the probability p(Pi,Gj) can be estimated from the
contingency table as nij/N.
Mutual information (MI) [9], [10] is derived from condi-
tional entropy and represents the similarity of two clus-
terings [22]. If we choose a random object in the data set,
knowing its cluster in G, mutual information measures
the reduction in uncertainty of the object’s cluster in P
[22], [24]. Mutual information is defined formally as fol-
lows:

),()()()|()(),( GPHGHPHGPHPHGPMI  (6)
In terms of probabilities, it is:
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Variation of Information (VI) [24] is complement of the
mutual information, see Fig. 2, and is calculated by sum-
ming up the conditional entropies H(P|G) and H(G|P),
see (8). Normalization of MI and VI is discussed in section
5.
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Fig. 1. The principle of pair-counting measures.
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4  SET MATCHING INDEXES
Set matching indexes are based on matching entire clus-
ters. Similar clusters are first found either by pairing or
matching, and their similarity is then measured using set
matching methods. We classify the set matching indexes
into two types: point-level and cluster-level.

Point-level indexes consider the intersection of paired
clusters in two clusterings. Purity is an example of this
group and it assumes one of the clusterings as ground truth
[33]. Accuracy defined in [34] is equivalent (exactly the
same) to Purity. Some authors use terms such as classifica-
tion accuracy [35] or classification error [9] with refereeing to
accuracy in [34] but this is not correct because they have
other definitions in classification problem. F measure (FM)
[26], Criterion H (CH) [27] and normalized Van Dongen
(NVD) [28] are other set matching measures.

Cluster-level indexes include Centroid Index (CI) [20]
and Centroid Ratio (CR) [29]. They use only cluster proto-
types in contrast to point-level indexes which employ the
labels of all objects in resulting partitions. Cluster level
indexes are fast to calculate [20], and they provide clear
interpretation about the differences in cluster-level struc-
ture. For example, CI=1, demonstrates one difference in
the global allocation of the two clusterings. However,
they do not measure partial cluster differences. Centroid
Similarity Index (CSI) was introduced in [20] to extend CI
to a point-level measure.
Set matching measures involve three design questions:

1. How to match the clusters
2. How to measure the similarity of two clusters
3. How to calculate overall similarity
Normalization and correction for chance (if applied)

are also essential parts of the overall similarity derivation.
We next give a detailed analysis of all these questions
including the normalization.

1. Similarity of two clusters
Let Pi and Gj be  two  clusters  in P and G respectively.

Most of the set matching measures use |Pi Gj| to calcu-
late the similarity of the two sets. For example, in Fig. 5,
clusters G1 and P1 are more similar than G2 and P2 since
the number of shared objects is 6 and 4 respectively. CH,
NVD, CSI and Purity use this measure. Many other ways
to measure similarity of two sets exist in literature and
any of them can be employed for calculating the similari-
ty of two clusters. Among the 76 methods listed in [36],
we mention three popular ones: Jaccard [37], Sorensen-
Dice [38] and Braun-Banquet [36].

TABLE 2
EXTERNAL VALIDITY INDEXES
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Fig. 2. Mutual information (MI) and variation of information(VI).
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These measures are in the range of [0, 1]. Distance
forms of J and SD are defined as (1-J) and (1-SD) where
the former is a true metric but the latter does not satisfy
triangular inequality. In order to make the measure inde-
pendent on cluster size, these measures normalize the
number of  shared objects  |Pi Gj| according to the size
of clusters in three different ways.

For example, consider the three clusters in Fig. 3 where
we want to find out the more similar cluster to P1 from P2

or P3. Similarity of P1 and P2 should be much higher than
the similarity of P1 and P3 even though P1 and P3 share
more objects. J, SD and BB give more intuitive similarity
values than intersection. When comparing P1 and P3, the
similarity 0.25 of J and BB is better than the 0.4 of SD. It is
trivial to show that J BB SD for any two sets.

FM [22] uses precision and recall concepts by measuring
nij/ni and nij/mj respectively. The criterion
2×precision×recall/(precision+recall) would be equiva-
lent to SD but it avoids the normalization by cluster size
using ni.×SD instead of SD.

Cluster-level indexes provide binary result (0 or 1), in-
dicating whether the clusters have 1:1 match (CI), or the
pair of clusters is unstable (CR). Table 3 lists the criteria
for set matching indexes.

2. Matching
For  every  cluster,  we  need  to  find  the  pair  to  which  the
similarity is measured. Three cases are considered: 1.
optimal pairing 2. greedy pairing 3. matching. Matching
is performed based on nearest neighbor mapping so that
any cluster in P is matched to a cluster in G with maximal
similarity. Several clusters can be matched with the same
cluster in the other clustering. Pairing is a special case of
matching  in  which  clusters  are  only  allowed  to  be
matched once. FM, NVD, Purity, CI and CSI employ
matching whereas CH and CR use greedy pairing. We
will use optimal pairing.

Matching results, in general, is not symmetric when
finding pairs for clusters of P from G and vise versa. To
make the index symmetric, the similarity results in both
directions are usually combined, see NVD, CI and CSI
equations in Table 2. FM and Purity assume that we com-
pare a clustering against ground truth and they therefore
consider matching in one direction only. Matching crite-
rion in NVD and Purity is the number of shared objects;
CI and CSI are based on similarity of prototypes.

Pairing problem, however, is not trivial to solve and
different algorithms have been proposed to find approx-
imate or optimal solution. The pairing can be seen as a
matching problem in weighted bipartite graph where the
nodes represent the clusters, see Fig. 4. Greedy pairing is
mostly used with time complexity of O(N2). Two most
similar clusters are iteratively matched and excluded.
Instead of greedy pairing, we apply here Hungarian algo-
rithm which finds the optimal solution with time com-
plexity O(N3) where N is the maximum number of clus-
ters in P and G.

Fig. 5 demonstrates the matching from G to P based on
the number of shared objects where P2 remains un-
matched. The matching from P to G will be different and
the same as greedy pairing based on number of shared
objects, resulting to (P1,G1), (P2,G2) and (P3, G3).

Fig.  6  shows  matching  in  CI  when  there  is  different
number of clusters. We assume that the objects are in 2-D
Euclidean space; the centroids have been shown with
crosses signs. In matching P to G,  one orphan centroid is
produced that indicates one difference in global alloca-
tion. NVD results the same matching as CI in this exam-
ple. In general, if a cluster Pi has more shared objects with
Gj than Gk, the probability that its centroid is also closer to

TABLE 3
CRITERIA FOR SIMILARITY OF TWO CLUSTERS

Similarity criteria
FM |Pi|×SD
H |Pi Gj|

NVD |Pi Gj|
Purity |Pi Gj|

PSI BB
CI 0/1 (mapped or unmapped)

CSI |Pi Gj|
CR 0/1 (stable or unstable)

Fig. 3. The effect of cluster size on cluster comparison

Fig. 4. Pairing clusters to maximize overall similarity. The thick lines
show the optimal pairing where overall similarity according to number
of shared objects would be (25+20+16)=61.

P1, P2 P1, P3

J 0.80 0.25
SD 0.89 0.40
BB 0.80 0.25

P3
n3=1000

P1
n1=250P2

n2=200

G

P

4 16
10 10

20 15 25
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Gj is higher. Although, this is not always true as it de-
pends on the distribution of data among clusters. It any-
way implies that the matching using intersection criterion
and centroid distance are expected to produce the same
result.

Fig. 7 demonstrates the results with too few (above)
and too many clusters (below) compared to another with
the same clustering problem or to the correct clustering.
In this example, both matching and pairing are performed

based on number of shared objects. Matching results
always higher values than pairing because in pairing
some centroids remain unpaired. Pairing is more sensitive
to differences in clustering structure. The result is also
lower with 3-vs-3 than when comparing to the correct
number of clusters (3-vs-4 and 3-vs-2). In comparing two
clustering with different number of clusters, unpaired
clusters indicate a disagreement on the number of clus-
ters, which is an advantage of pairing. Table 4 summariz-
es the matching methods for several indexes.

3. Overall similarity
Overall similarity is obtained by summing up the simi-

larities of all the matched clusters. The upper bound of
overall similarity for CH is N (total number of objects)
which is used for normalization, see Table 2. To remove
the asymmetry effect of matching, NVD and CSI use 2N
because of two-way matching, see Table 2. If we define
the distance form of CSI and Purity as (1-CSI) and (1-
Purity), NVD, CH, Purity and CSI are all equivalent if
their matching results are the same. In fact, if matching in
NVD and CSI is symmetric (K=K’), they would equal to
CH and we can write:

CSIPurityCH
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The  overall  dissimilarity  of  CI  equals  the  number  of
zero mapped centroids of G. Since CI is not symmetric,
CI2 is  defined  as  max(CI(P,G), CI(G,P)) [20]. Centroid
index represents the number of differences in global allo-
cations and it is in the range of [0, K-1] where K is the
maximum number of clusters in the two clusterings. At
least one non-zero mapped centroid exists and the upper
bound therefore becomes K-1.

Centroid ratio (CR) defines the concept of (un)stable
centroids. Consider a paired centroid Ci and C’j with dis-
tance Dij from clusterings P and G, respectively. Assume
that the distances of Ci to the nearest centroid in P and C’j

to the nearest centroid in G are Di and Dj. Then, if
Dij2/(Di×Dj)>1, the pair is considered unstable. The over-
all similarity is defined based on the number of unstable

Fig. 5. Matching clusters based on maximum shared objects. Cluster
P2 remains unmatched. In pairing process of CH, G2 is paired with P2

after excluding G1 and P1 as the first pair.

TABLE 4
SUMMARIZATION OF MATCHING METHODS OF INDEXES

Pairing/
Matching

Matching criterion
Algorithm

FM Matching SD One-way
CH Pairing |Pi Gj| Greedy

NVD Matching |Pi Gj| Two-way
Purity Matching |Pi Gj| One-way

PSI Pairing BB Optimal
CI Matching Centroid distance Two-way

CSI Matching Centroid distance Two-way
CR Pairing Centroid distance Greedy

Fig. 6. Matching centroids from P to G based on nearest neighbor
mapping used in CI and CSI; One orphan centroids shows one differ-
ence in global allocation.

3-vs-3 clusters 3-vs-4 clusters

Matching=75%, Pairing=50% Matching=87%, Pairing=75%

3-vs-3 clusters 3-vs-2 clusters

Matching=75%, Pairing=50% Matching=87%, Pairing=75%
Fig. 7. Matching and pairing when too few (above) and too many
(below) clusters exist. Arrows show matching from red to blue cen-
troids. Pairing would use only part of those arrows because each
cluster can be matched only once.

G P
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G2

G3

P1

P3
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G P
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pairs [29], see Table 2. Table 5 summarizes the overall
similarity derivation for the above mentioned indexes.

5  CORRECTION FOR CHANCE
Normalization makes comparisons easier for different
data sets. Correction for chance removes the similarity of
two clusterings which merely originates by chance [21].

An index is normalized using its lower and upper
bounds as in (1). Correction for chance can be jointly per-
formed with normalization according to (2). Some index-
es do not have fixed lower or upper bounds. For example,
several upper bounds have been proposed to normalize
MI [9], [25].

In comparison of two clusterings P and G, the number
and size of clusters are known. To consider the effect of
random partitioning, the objects of clustering P are dis-
tributed randomly in clusters of G and the expected simi-
larity value is calculated. This is called hyper-geometric
distribution assumption and was first used for deriving
ARI [30].

The measures in the pair-counting class as listed in [23]
are in the ranges of [0,1], [-1, 1], [0.5, 1] or [-0.25, 0.25] that
further clarifies the necessity of normalization. Since all
the indexes are defined based on values a, b, c, and d in
(3),  the  upper  and  lower  bounds  are  simple  to  derive.
Many  of  them  become  equivalent  after  applying  correc-
tion for chance [21]. ARI is the most well-known and
widely used index of this group [9].

In set matching measures, the overall similarity is de-
rived either by summing up the number of shared objects
or the similarities of the matched clusters. For example,
NVD, CH, Purity and CSI sum up the number of shared
objects and use the total number of objects for normaliza-
tion. The similarity index proposed by Larsen and Aone
[39] is calculated by summing up the normalized similari-
ties (in the range of [0, 1]) of the matched clusters. In this
case, the overall similarity is normalized for each cluster
individually.

Both MI and VI are metric but they are not bounded to
a fixed range [22]. Mutual information of clusterings P

and G is lower bounded by zero. Geometric or arithmetic
mean of entropies as an upper bound can be an option for
normalization (type 1 and 2 in Table 2) [22], [25], [10]. In
[25] min(H(P),  H(G)) and max(H(P),  H(G)) are also used
for normalization.  An upper bound for VI is H(P)+H(G),
which means that clusterings P and G do not share any
information [7]. The upper bound can therefore be used
for normalization of VI. To derive adjusted mutual infor-
mation according to (2), obtaining the expected value
E(MI) is the key issue. An analytical formula for the ex-
pected value of mutual information is derived in [21]
under the assumptions of hyper-geometric model of ran-
domness. In [9], upper bounds for the expected value are
given, and shown that, under certain assumptions, the
adjusted MI measures derived based on different upper
bounds become equivalent to the normalized MI
measures.

We prove next that the adjusted forms of mutual in-
formation (AMI) and variation of information (AVIs) are
equivalent to their normalized forms (NMI, NVIs) when
the summation of the entropies H(P)+H(G)  is  used  for
normalization.
Theorem 1. Under hyper-geometric distribution assumption:

NMIAMINVIAVI ss (13)
where NVIs and  AVIs denote  the  similarity  form of  NVI
and AVI (1-NVI and 1-AVI) respectively.
Proof. See Appendix A.

6  PAIR SETS INDEX
In this section, we present a new set matching based
measure called Pair Sets Index (PSI), which is designed so
that the properties discussed in section 2 are all satisfied.
The components of the proposed index are known but
some  of  them  are  new  in  this  context,  and  the  overall
combination is novel. In specific, PSI contains optimal
pairing of the clusters (new), set matching measure using
BB (new), the overall similarity measure in (14) (used also
by CR), and the correction for chance (used by pair-
counting and information theoretic methods only).

6.1 Similarity Measure
Given clusterings P and G, the first step is to find the
pairs of clusters in two partitions. Pairing clusters in P
and G is done by maximizing total similarity which is
defined as:

i
ijSGPS ),( (14)

where Sij denotes the similarity between clusters Pi and Gj

and is calculated as from Braun-Banquet formula [36] as
follows:

|)||,max(| ji

ij
ij GP

n
S (15)

Here nij is the number of shared objects in the two clus-
ters and |Pi| and |Gj| denote their sizes.

The corresponding distance variant is defined as Dij=1-
Sij. Pairing clusters is solved as an assignment problem in a

TABLE 5
OVERALL SIMILARITY DERIVATION

Total summation Range Normalization

FM similarity of
matched clusters [0, 1] N

CH Shared objects [0, 1] N

NVD Shared objects in
both directions [0, 1] 2N

Purity Shared objects in
one direction [0, 1] N

PSI
Normalized

similarity of paired
clusters

[0, 1] K

CI Orphan clusters [0, K-1] -

CSI Shared objects in
both directions [0, 1] 2N

CR Unstable clusters [0, 1] K
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bipartite graph, see Fig. 4, by minimizing the total dis-
tance. We use Hungarian algorithm to find the perfect
matching in this assignment problem [40].

6.2 Correction for Chance
In this section, we describe the process of correction for
chance for the proposed similarity measure in (14) and
derivation of the final formula for the Pair Sets Index
(PSI).

Obtaining the expected value is the key point to derive
the adjusted version of the index. To derive the expected
value, consider a random shuffling of P as P’ under  hy-
per-geometric distribution assumption where the number
and size of the clusters in P’ and P are the same. The ob-
jects of cluster Gj are distributed randomly in the clusters
in P’. A larger cluster in P’ gets more objects from Gj.
Therefore, the number of shared objects of clusters Gj and
P’i is proportional to the size of P’i. The number of objects
of Gj (mj) that places in P’i (ni) is mj×(ni/N), which is the
number of shared objects between these two clusters
when random partition P’ is assumed.
Theorem 2. The maximum total similarity in (14) is
achieved when the largest cluster in P’ is paired with the
largest one in G, and recursively the same applies to the
rest of the clusters. Applying this greedy pairing, the
expected value is:

)',min(

1 ),max(
)/(KK

í ii

ii

nm
NnmE (16)

where the size of clusters in P’ is n1>n2>…>nK and in G is
m1>m2>…>mK’.
Proof. See Appendix B.

Next, we show that E 1. Assuming mi = ni, i , the
summation in (16) is (n1+n2+…+nKmin)/N  1. Suppose that
ni mi, i , the summation then becomes:
E=(n1+n2+…+mi+...+nKmin)/N

 (n1+n2+…+nKmin)/N  1 (17)
Therefore, it is always true that E  1. Applying the re-

sults to (2), the adjusted index becomes:

1'1
0

1)',max(,
)',max(

KK
ES

KKES
EKK

ES

PSI (18)

where S is the total similarity from (14). In random parti-
tioning S=E, PSI=0 and in a perfect match S=K, PSI=1. If
there is a disagreement on the number of clusters, K K’,
max(K, K’) is taken in (18) to achieve a lower similarity
that reflects the disagreement. The expected value is not
necessarily the minimum value of the similarity. If S<E,
we consider PSI=0 because this case corresponds to a very
low agreement of the two partitions.

Distance variant of PSI is defined as 1-PSI:

1'0
1

1)',max(,
)',max(
)',max(

KK
ES

KKES
EKK
SKK

PSI d (19)

Value of E depends on the similarity between the
structures of two clusterings in terms of number and size
of clusters. If the structures are close to each other, E 1.
Accordingly, simplified variant of PSI is defined by as-
suming E=1:

1'1
10

1)',max(,1
1)',max(

1

*

KK
S

KKS
KK

S

PSI (20)

6.3 Metric Properties of PSI
The proposed index is normalized in the range of [0, 1]
and corrected for chance. In this section, we prove metric
property of the distance form of PSI in (19).

Nonnegative: In (19), where S 1, max(K, K’) > 1, since E
1, max(K, K’)-E is always larger than or equal to 1. The

total similarity S equals  to max(K, K’) only in a perfect
match. In all other situations it is less than max(K, K’),
hence max(K, K’)-S  0 holds. Therefore, it is true that:

0dPSI (21)
Symmetric: The similarity of two clusters according to

(15) is symmetric. The pairs of clusters are found accord-
ing to the maximum matching which does not depend on
whether we compare P to G or vice versa. Therefore, the
total similarity in (14) is symmetric. To derive the ex-
pected value of the similarity in (16), we take two largest
clusters in P and G as the best match. This action is also
independent on the direction of the comparison. Accord-
ing to (18), when the similarity S and its expected value E
are symmetric, the whole index is also symmetric:

),(),( PGPSIGPPSI dd (22)
Reflexivity: If P=G, the total similarity according to (14)

and (15) is max(K,K’)=K, and therefore PSId=0. On the
other hand, if PSId=0, it follows that S=max(K, K’). This
may happen only if the number of clusters is the same
and the similarity of every two paired clusters according
to (15) is 1. The similarity of two clusters is 1 if and only if
they are exactly the same. Therefore, all clusters in P and
G must be equal, and accordingly, P=G:

GPifonlyandifGPPSId 0),( (23)
Triangular inequality:  In Appendix C,  we prove the tri-

angular inequality for the simplified form of PSI in (20).
The simplified form is therefore proven to be metric. Ex-
periments for clustering with different structures indicate
that the triangular inequality in most cases holds for the
original form of PSI as well. However, the term E in the
denumerator in (18) makes it difficult to prove in general.

6.4 Other Properties
a) Normalized to the number of clusters

The proposed validity index has low dependency on
the number of clusters and this dependency decreases as
the number of clusters increases. In (18), the similarity is
normalized by max(K, K’)-E. Because of E, the index is not
independent on the number of clusters. However, since
E 1 and when max(K, K’) increases, the impact of E de-
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creases.
b) Imbalanced clusters

One important advantage of the proposed index is its
independency on the size of clusters because each cluster,
either small or large, has equal impact on the similarity
value. For example, suppose that in two clusterings, there
are two perfect pairs where in one pair the clusters are
large and in the other one they are small. Both of them
increase the total similarity by the same amount.

7  EXPERIMENTS
We next evaluate the external validity indexes based on
their performance on partitions. To investigate different
properties of an index, a variety of partitions should be
considered. We provide comparisons with artificially
generated partitions to demonstrate whether an index
meets the required properties. We also study the effect of
dimensionality and cluster overlap.

7.1 Selected Indexes and Artificial Partitions
We compare the proposed index to the state-of-art ex-

ternal indexes. Since all adjusted indexes in the pair-
counting group behave similar [23], we use only ARI as
the most popular one. Variation of information and mu-
tual information are two representing measures in the
information theoretic group. Since
NVIs=AVIs=NMI=AMI, only NMI is used in the experi-
ments. The performance of arithmetic and geometric
mean for normalization of NMI is the same, we therefore
employ arithmetic mean only. The normalized Van
Dongen criterion, Criterion H and Purity are chosen in
the set matching group. The matching in Centroid simi-
larity index depends on the centroids, and therefore, we
need real datasets to calculate centroids. However, as we
discussed in section 4.2, the results of matching is most
likely similar to NVD. We therefore use this assumption
in the following, and in these experiments NVD=CSI.

In the test setup, we consider a ground-truth partition
G, for example with 3000 objects, 1000 objects in each
cluster, see Fig. 8, where light grey, grey and black repre-
sent the three clusters. In practice, we make an array of
the length 3000 with values 1, 2 and 3 representing cluster
labels of data. In this case, the first 1000 objects (light
grey) have value 1. The partition P to be compared with is
varied in different ways. The order of the data objects in
the two partitions remains the same.

The partitions in the experiment are considered in sev-
eral aspects: random partitions, the impact of cluster size
imbalance, number of clusters and consistency when the
error increases in the partitions.

7.2 Random Partitions
Consider partition P which consists of random labels as
shown in Fig. 9. We conduct experiments for different
number of clusters from K=1 to 20 in P. The indexes NMI,
ARI and PSI give values close to zero independent on the
number of clusters. The values of the other three indexes
are not zero because they are not corrected for chance, see
Fig. 10. Normalized mutual information gives zero in this
case which shows that NMI has the same performance as
adjusted mutual information. This result further verifies
our claim in (13).

7.3 Monotonicity
We change the partition P linearly in three ways and
study the response of the indexes.

First we enlarge the first (light grey) cluster in P in
steps of 50 objects until only one cluster remains, see Fig.
11. Second, we enlarge the grey cluster in the same way,
see Fig. 13, and third, we change part of the labels in all
clusters of P and  keep  the  cluster  sizes  unchanged,  see
Fig. 15. In Fig.12, NMI, ARI and NVD have very clear
knee points when the light grey cluster reaches 2000 ob-
jects because at this point the number of clusters decreas-
es by 1. For NMI and ARI, the index values increase when
the cluster size approaches to 2000. In this situation, there
are still three clusters and the results indicate that NMI
and ARI ignore relatively small clusters and put more
weights on large clusters. When the light grey cluster size
is  2000,  there  is  a  local  maximum  when  the  number  of
clusters changes from three to two. NVD is constant be-
tween 1500 to 2000, and 2500 to 3000. The asymmetric
matching of clusters in NVD causes the problem. Suppose
that the size of the grey cluster (x) in P is less than 500.
After matching P to G, the number of shared objects is
1000+x+1000 and G to P where both light grey and grey
clusters in G are matched with the light grey one in P, the

Fig. 10. Random partitioning with different number of clusters in P
from K=1 to 20.

Fig. 8. Two partitions with 3000 objects.

Fig. 9. Clustering P represents a random partition with two clusters.

1 1000 2000 3000G

1 700 2000 3000P

1000 2000 3000G

P
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number of shared objects is 1000+(1000-x)+1000. Sum-
ming up, the number of shared objects in two directions is
5000 which is independent of x. Therefore, when the size
of the first cluster is between 1500 and 2000, the similarity
remains a constant 5000/6000=0.83.

The proposed PSI has near linear dependency on the
size of the light grey cluster. The indexes CH and Purity
have good linear behavior but including an offset by 33%
because they are not corrected for chance. If we made
them corrected, the same issues as with the other indexes
would appear. Note that Purity does not compare two
clusterings in both directions. If we compare G to P in-
stead of P to G, the results is different and without linear
behavior.

We repeat the experiment by enlarging the size of the
second cluster. The difference to the previous case is that
the number of clusters remains 3 until the second cluster
contains all the objects. The results in Fig. 14 show better
performance for NMI and ARI compared to the previous
case. The reason is that this time there is no change in the
number of clusters in P. The same arguments for NVD,
CH and  CA are  valid  as  for  the  previous  case.  The  knee
point for NVD is where the size of the biggest cluster
becomes more than 2000 (compare P2 and G in Fig. 13)
and all three clusters of G are matched to the grey cluster
of P. Interesting observation is that PSI results the same
curves in both of the cases, which indicates that it de-
pends less on the number and size of clusters than the
other indexes.

Next, we change part of the labels in all clusters of P.
At each step, 50 more objects will be wrongly labeled in

each cluster until all objects in G are equally distributed
among the three clusters in P, see Fig. 15.

Fig. 14. Increasing the size of the second cluster until it contains all
data objects.

Fig. 13. Enlarging the second (grey) cluster in steps of 50 objects as
in Fig. 11.

Fig. 11. Enlarging the first (light grey) cluster in steps of 50 objects by
moving the objects from the other two clusters.

Fig. 15. Increasing the number of incorrectly labeled objects.

Fig. 12. Increasing the size of the first cluster.

Fig. 16. Increasing the error of each cluster in P.
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The similarity values of PSI and NVD, CH and Purity
decrease linearly but NVD has higher similarity values
than PSI, see Fig. 16. Since NVD, CH and Purity are not
corrected for chance and are biased to random partitions,
they  have  a  higher  lower  bound.  If  we  made  them  cor-
rected, they would lose the linearity. The results of NVD,
CH and Purity are exactly the same because the matching
for all cases in this experiment is the same, which further
verifies  our  claim  in  (12).  Both  NMI  and  ARI  have  de-
creasing curves and their values are always lower than
those of the set matching indexes. One reason is that NMI
and ARI consider also the unmatched parts of clusters.

7.4 Cluster Size Imbalance
In this experiment, we study the impact of cluster size. In
Fig. 17, we consider sets of partitions where P1 and P2

have 200 objects (20%) wrongly labeled in the first two
clusters. The size of the third cluster is decreased from
2000 to 50 in steps of 50.

Since the labels of the first two clusters remain exactly
the same, the only difference originates from the size of
the third cluster. We assumed that the clusters with dif-
ferent sizes have the same importance, and therefore, the
results should be independent of the size of the third
cluster. As shown in Fig. 18, all indexes except PSI are
affected by the cluster size imbalance. For example, the
similarity value of ARI is much lower (66%) when the size
becomes 50 than when it is 2000 (91%). The results indi-
cate that most indexes are affected more by the larger
clusters. NVD, CSI, CH and Purity values are higher and
in a narrower range, which indicates better performance

of set matching indexes. Since matching results for NVD,
CH and Purity are the same, their results are also the
same, see (12). The proposed PSI is the one that copes best
with the cluster size imbalance.

7.5 Number of Clusters
We study the effect of the number of clusters by wrongly
labeling 200 objects in each cluster and then varying the
number of  clusters as shown in Fig.  19.  The size of  clus-
ters is fixed.

The indexes have similar trend on increasing the num-
ber of clusters except non-adjusted set matching indexes
(NVD, CSI, CH and Purity), see Fig. 20. When increasing
the number of clusters, the similarity values rise from as
low as 25% up to 80%. However, the impact is much more
significant for the small number of clusters from two to
four. PSI has better performance than NMI and ARI, but
only NVD, CSI, CH and Purity are completely independ-
ent on the number of clusters. Considering NVD equation
in Table 2 and the same percentage of error across clus-
ters in this experiment, it is trivial to show that NVD is
independent on the number of clusters. Since matching
results for NVD, CSI, CH and Purity are the same, their
results are also the same, see (12). In this experiment, we
see that correction for chance has bad effect as it makes
the index dependent on the number of clusters. Overall,
set matching indexes show better performance than the
representatives from pair-counting and information theo-
retic indexes.

Fig. 17. The effect of cluster size imbalance; same error in the first
two clusters and no error in the third clusters.

Fig. 18. The effect of cluster size imbalance on the indexes; the
partitions contain two clusters with the fixed size and error and the
size of the third cluster decreases in steps of 50.

Fig. 20. The effect of number of clusters (K=2 to 20), while the size
and error of each cluster are fixed.

Fig. 19. There are 200 objects wrongly labeled in each cluster and
the number of clusters varies.
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7.6 Overlap of clusters
We use a series of data sets (called M2), all containing two
clusters (1000 points each) in 8-dimensional space but
with varying cluster overlap. The points were generated
by Gaussian distribution with the same (constant) vari-
ance. The overlap was created by moving one of the clus-
ters closer to the other step by step. The amount of over-
lap is measured by how many points in a cluster are clos-
er to the centroid of the other cluster than to the centroid
of its own cluster.

We cluster these datasets by random swap algorithm
[41] and compare the result against ground truth parti-
tions. Fig. 21 shows that all NVD, CSI, CH, Purity, and
PSI react as expected. NVD approximately equals to the
amount  of  the  overlap,  but  is  lower  limited  by  0.50.  For
example,  with  15% overlap  we  expect  to  have  0.85  simi-
larity.  On  the  other  hand,  PSI  applies  correction  for
chance. Expected similarity of random partition into two
clusters is 0.50, and corrected similarity 1-(overlap/0.50),
accordingly. With 15% overlap, the expected similarity
would be 0.70. The results of PSI are near optimal re-
sponse (dashed black line).

7.7 Dimensionality of data
We used  the  same  M2 data  sets  but  this  time  we  fix  the
overlap to 15% and vary the dimensionality from 1 to 512.
The results in Fig. 22 show that all the methods are invar-
iant  to  the  dimensionality  up  to  a  limit  (about  256).  De-
crease of the index values is caused by over-optimization
of the clustering algorithm: with high-dimensional data, it
can optimize MSE better than would be with the ground
truth partition. Otherwise, NVD, CSI, CH, Purity, and PSI
again perform as expected with this  overlap:  NVD gives
0.85 (without) and PSI gives 0.70 (with correction for
chance).

7.8 Applications
We study next  how the four indexes (ARI,  NMI,  1-NVD,
PSI) perform with applications. We perform three exper-
iments with the following hypotheses.

In  the  first  experiment,  we  cluster  the  dataset  Unbal-
ance, see Fig. 23, to k=8  clusters  by  the  following  algo-
rithms: random swap (RS) with 5,000 iterations [41], ag-
glomerative clustering with ward criterion (AC), k-means

(KM), and single link (SL). All these methods aim at min-
imizing total squared error except the single link.

The clusterings are then compared with the known
ground  truth  in  Table  6.  The  result  of  PSI  corresponds
best to the expectations: RS and AC are both good at op-
timizing  the  structure  of  the  data  whereas  AC  tends  to
make more point-wise errors at the partition borders. KM
detects the dense cluster (2000 points) on the top, but it
breaks the two other dense clusters into six smaller sub-
clusters, and merges the five smaller ones (each 100

TABLE 6
CLUSTERING OF UNBALANCE BY FOUR ALGORITHMS

Algorithms
External indexes

ARI NMI NVD PSI

RS 1.00 1.00 1.00 1.00

AC 1.00 1.00 1.00 1.00

SL 1.00 0.99 0.99 0.78

KM 0.66 0.77 0.78 0.18

Fig. 22. Effect of dimensionality on the similarity measures.

Fig. 23. Clustering results of the data set Unbalance using k-means
(above), and single link (below).

Fig. 21. Effect of the overlap on the similarity measures.
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points) into one cluster, see Fig. 23 (top). All indexes react
to these errors but only PSI recognizes that this clustering
is  off  very  low quality.  SL  finds  all  clusters  correctly  ex-
cept that it merges two small ones leaving one orphan
point as its tiny cluster, see Fig. 23 (below). Only PSI re-
acts strongly enough to this situation.

In the second experiment, we take ground truth clus-
ters of the well-known Yeast data set (UCI), and then
remove the smallest clusters one by one, see Fig. 24. The
results in Table 7 show that only PSI provides significant
differences due to the cluster removal, mainly because it
treats all clusters of equal importance independent of
their size.

In the third experiment, we study how well the index-
es apply for the task of detecting the number of clusters
for Unbalance data set that contains eight clusters. We use
the stability-based approach in [42] as follows. Ten sub-
sets are generated by random sampling (with the sam-
pling rate 0.2) from the data set. Each subset is then clus-
tered by random swap algorithm with different number
of clusters in range k [2, 20]. The similarity between the
clustering of each subset and the clustering of the fullest
is calculated by an external index. The stability is then
measured as the average index values for all the subsets.
The hypothesis is that the correct number of clusters is the
one with highest stability (highest index value).

The results in Fig. 25 show that all indexes are applica-
ble to this task, and the bigger problems originate from
other factors than the choice of the index. All the indexes
show maximum stability with k=8, but the clustering
results are also stable with k=2 and k=4. Overall, PSI per-
forms most consistent especially for values k 5. In the
range of k=5..7, all the indexes except PSI fail to detect
high instability in the 5 small-sized clusters.

8  CONCLUSION
We have conducted a systematic study on existing set
matching indexes by analyzing them in three different
aspects: similarity measure of two clusters, matching the
clusters, and the overall summation. We have shown that
the difference between NVD, CH, Purity and CSI is only
about their matching. If their matching result were
the same, all these indexes would provide equivalent
result. We have also pointed out that Purity and the
measures cited as classification error or classification
accuracy are equivalent.

We defined concrete requirements that an external in-
dex should meet, and introduced new arrangement of
experiments based on synthetic data that can be used for
systematic evaluation of any index according to these
criteria. According to our experiments, set matching in-
dexes perform better than the selected indexes of pair-
counting and information theoretic indexes in many as-
pects such as cluster size imbalance, number of clusters
and linear changes.

None of the existing set matching measures use correc-
tion for chance, and they also normalize the index across
all data points. Based on these observations, we propose a
new index called PSI that applies correction for chance,
and performs normalization for each cluster separately.
We show that the simplified form of PSI is a metric.

For the information theoretic measures, we have also
shown that NMI=AMI=NVIs=AVIs under  hyper-
geometric distribution assumption, which was also veri-
fied by our experiments.
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APPENDIX A
Proof of Theorem 1

First, we introduce a new way to derive the expected
value of mutual information in case of random partitions
and under hyper-geometric distribution assumption and
then we use the expected value to prove (13). Consider a
pair of clusters Pi and Gj. The probability that an object in
Pi exists in Gj is mj/N. Accordingly, the number of objects
in both Pi and Gj is simplified as: nij=ni×(mj/N). Then, the
expected value can be calculated according to (7) as:
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According to (2), AMI=NMI which confirms the result
from [9]. Applying max(MI)=(H(P)+H(G))/2 as an option
for normalization [22], [17], we can write:
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Since E(H(P))=H(P) and E(H(G))=H(G) under hyper-
geometric distribution assumption, the expected value of
VI (8) is derived as:

)()()( GHPHVIE (26)
VI is a dissimilarity measure and min(VI)=0 when the

two partitions are equal. Therefore, the adjusted variation
of information according to (2) is:

)()( GHPH
VIAVI (27)

An upper bound for VI is H(P)+H(G) and therefore (27)
also represents the normalized variation of information.
We simplify AVIs and NVIs using (8) as follows:
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From (25) and (28), we see that the adjusted mutual in-
formation and adjusted variation of information are equal
to their normalized forms, and thus, theorem 1 is proven.

APPENDIX B
Proof of Theorem 2

Suppose that in a matching, m1 is paired to ni<n1 and n1 is
paired to mj<m1 (case a). We show that if we change the
matching so that m1 is  paired to n1 and mj is paired to ni

(case b), higher similarity is achieved. The total similari-
ties for these two cases (a and b) are:
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where Sa is the original pairing and Sb is the new pairing
after changing the pairs for m1 and mj. Six different situa-
tions may happen:

1. m1>mj> n1>ni
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2. m1>n1>mj>ni
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Considering all the above situations, pairings (m1, ni)

and  (n1, mj)  must  be  changed  to  (n1, m1) and (mj, ni) to
achieve higher similarity. We can apply this proof recur-
sively to all the smaller clusters as well. Hence, the two
largest clusters must be always paired and then the next
two largest and so on in order to achieve maximum total
similarity with a random partition. This proves the theo-
rem 2.

APPENDIX C
Triangular Inequality Proof for the Simplified form of PSI

Let P1, P2 and P3 be three partitions with K1, K2 and K3

clusters, and K12=max(K1,K2), K23=max(K2,K3),
K13=max(K1,K3). Let ni, nj and nk be the number of objects
in clusters i, j and k in P1, P2 and P3 respectively. We de-
note the number of shared objects between clusters by nij,
njk and nik. The simplified distance form of PSI, for P1 and
P2, according to (20) is:
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Lemma. D12+D23 D13 (31)

Proof. We define D’12 =K12-S12, D’23=K23-S23 and D’13=K13-
S13 and prove first that: D’12+D’23 D’13 which is equiva-
lent to

131323231212 SKSKSK (32)
We consider three possible situations and simplify (32):

(1) K1  K23: S12+S23 K23+S13

(2) K3  K12: S12+S23 K12+S13

(3) K2  K13: S12+S23 K2+(K2-K13)+S13

In the case (3), since K2 K13, it is sufficient to prove
S12+S23 K2+S13. Since K23 K2 and K12 K2, for all cases it
is sufficient to prove:
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1322312 SKSS (33)
According to the definitions (14) and (15), we divide

the inequality (33) into K2 sub-inequalities by considering
each cluster j in P2 on the left. Each sub-inequality is of the
form:
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Clusters i and k from P1 and P3 which are the pairs for

cluster j are not necessarily a pair in comparing P1 and P3.
Since S13 is derived according to perfect matching, we can
consider another matching of P1 and P3 in which i and k
are paired. If (33) holds in this case, it will also be true for
S13 which is the maximum possible similarity.

If the cluster j has a pair cluster only in P1 or P3,  it  is
trivial to prove (34). If it has pair clusters both in P1 and
P3, and nij+njk nj, proving (34) is trivial as well since the
left side of the inequality is smaller than one. Note that if
the clusters i and k do not have any shared objects, nij+njk

nj. So we prove (34) when nij+njk > nj.  Considering  a
minimum value for nik as nij+njk-nj, we rewrite (34) as
follows:
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Three possible cases are:

(1) nj max(ni,nk): By replacing max(ni,nj) and max(nj,nk) by
nj and after simplifications, we have:

(nij+njk-nj)(nj-max(ni,nk)) 0

which is always true in this case.
(2) ni max(nj,nk): We replace max(ni,nj) and max(ni,nk) by

ni. Since max(nj,nk) nj, it is sufficient to prove (35) by
replacing max(nj,nk) by nj. The equivalent inequality
derived after  simplification:

(ni-nj)(nj-njk)  0

is always true.
(3) nk max(ni,nj): The same proof in the case (2) can be

applied.

The lemma (31) can now be represented as:
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We consider three possible cases:

(1) K1 K23: It is sufficient to prove (36) if K23 in denumer-
ator is replaced by K1. So we simplify (36) as follows:
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Since K1 2, The denumerators can be canceled and
the inequality is true according to (32).

(2) K3 K12: The same inference as the case (1) can be per-
formed by replacing K12 with K3.

(3) K2 K13: By simplifying (36), the following equivalent
inequality is resulted:
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Using (32), it is sufficient to prove:
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After simplification we have:
)()( 13213213 KKKKS

According to (14), S13  0, and therefore the above ine-
quality is true.

According to the cases (1), (2) and (3), the inequalities
(36) and consequently (31) hold, thus, the lemma is prov-
en.


